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The use of LES subgrid-scale models for shock capturing

Nikolaus A. Adams

Institute of Fluid Dynamics, ETH Z�urich, CH-8092 Z�urich, Switzerland

SUMMARY

A method for modelling of �ow discontinuities based on deconvolution with a relaxation regularization
(DDM) is compared with an essentially non-oscillatory scheme (ENO) without further modelling and
with a dynamic Smagorinsky subgrid-scale model (DSM). For the DDM approach, a su�ciently accurate
representation of the �ltered non-linear combination of discontinuous solution components which arise
from the convection term is obtained by regularized deconvolution applied to the �ltered solution. For
stable integration the evolution equations are supplemented by a relaxation regularization based on a
secondary �lter operation and a relaxation parameter. We apply the above method to the generic test
case of a two-dimensional solenoidal velocity �uctuation �eld interacting with a normal shock. The
results demonstrate a good agreement of DDM with a reference computation, while DDM signi�cantly
reduces computational cost. Predictions with DDM are found to provide a more accurate representation
of the shock–vorticity–wave interaction phenomena than that which can be accomplished using the ENO
scheme with or without subgrid-scale model. Copyright ? 2002 John Wiley & Sons, Ltd.

KEY WORDS: shock capturing; large-eddy simulation; deconvolution; subgrid-scale modelling;
compressible �ows

1. INTRODUCTION

For non-linear conservation laws the interaction of represented scales, i.e. scales which
are supported on a given grid, with non-represented scales is essential to provide su�cient
numerical-entropy dissipation in order to ensure that the solution of the �ltered conservation
law converges to the correct entropy solution for decreasing grid spacing, the �lter-width
being proportional to the grid spacing. This can be achieved by regularizing the �ltered evo-
lution equation with an additional term providing numerical-entropy dissipation such as the
von Neumann–Richtmyer arti�cial di�usion [16] or the higher-order di�usion of Jameson
et al. [8]. A standard regularization for the �ltered conservation equations used in large-eddy
simulation (LES) is a proper eddy-viscosity, e.g. the Smagorinsky model [13]. For a scalar
equation the Smagorinsky model reduces to a von Neumann–Richtmyer arti�cial viscosity.
The main e�ect of an eddy-viscosity regularization in LES is to provide a su�cient amount
of energy dissipation [9; 10].
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These observations suggest a relation between subgrid-scale models, which approach the
closure problem from a physical point of view by incorporating into the model as many prop-
erties as possible known from the underlying conservation law and its solution, and numerical
techniques which regularize the discretization of a conservation law in order to ensure con-
vergence to the correct entropy solution. We note that it has been attempted successfully for
some �ow con�gurations and certain �ow parameters to replace a subgrid-scale model en-
tirely by the regularization provided by the underlying numerical method (usually a non-linear
mechanism which in e�ect amounts to a locally adjusted arti�cial di�usion). In this case, the
subgrid-scale model is linked to the truncation error of the discretization [4]. Detailed investi-
gations of this approach by Garnier et al. [6] show, however, that it lacks general applicability.
Two ways can be taken to close the link between physical and numerical subgrid-scale mod-
elling. First, one can attempt to design the regularization of a non-linear numerical scheme
such that its dominant truncation-error terms coincide with approximate subgrid-scale closures.
Work following this direction will be reported elsewhere. Second, one can consider subgrid-
scale models which were derived for turbulent �ows and adapt them such that they provide
a correct representation of �ltered �ow discontinuities.
In this paper we will contribute to the latter of these two approaches and compare three

di�erent subgrid-scale models for a generic test case for shock–turbulence interaction, where
two-dimensional vorticity �uctuations interact with a shock wave. We compare the direct-
deconvolution method (DDM) of Adams and Stolz [2], where a non-dissipative numerical
discretization is used, with a monotonically integrated approach (MILES) using a third-order
essentially non-oscillatory scheme (ENO) based on a Roe-�ux formulation with entropy �x
[19] and a dynamic Smagorinsky model with the ENO scheme as underlying discretization.
The signi�cance of subgrid-scale modelling with non-dissipative numerical discretizations is
also supported by Ducros et al. [5] who have pointed out that spurious numerical di�usion
away from shocks may a�ect the proper turbulence ampli�cation when it interacts with the
shock.
In Section 2 we detail the di�erent approaches. In Section 3 we apply the subgrid-scale

model to the full two-dimensional Euler equations on a �nite domain where a shock interacts
with an oblique vorticity wave.

2. SUBGRID-SCALE MODELLING

We consider a generic non-linear transport equation

@u
@t
+
@Fx(u)
@x

+
@Fy(u)
@y

=0; 06x6Lx; 06x6Ly (1)

from which a �ltered transport equation for the �ltered variable �u

@ �u
@t
+
@Fx( �u)
@x

+
@Fy( �u)
@y

=G (2)

is obtained by convolution with a homogeneous �lter

�u(x; y)=
∫ +∞

−∞

∫
Gx(x − x′)Gy(y − y′)u(x′; y′) dx′ dy′=G ∗ u (3)
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where

G=
@Fx( �u)
@x

−G ∗ @Fx(u)
@x

+
@Fy( �u)
@y

−G ∗ @Fy(u)
@y

(4)

is an error term due to the �ltering. Equation (2) is the modi�ed di�erential equation for �u,
the solution of which would be identical to the �ltered solution of Equation (1) if G could
be computed exactly.
In Section 3 we will consider as test case the two-dimensional Euler equations of gas

dynamics which are given by Equation (1) with the solution u :={�; �u; �v; E}={�;mx; my; E},
where E :=p=(� − 1) + �(u2 + v2)=2. The �ux vectors are given by

Fx := {mx;m2x=�+ p;mxmy=�;mx(E + p)=�} (5a)

Fy := {my;mxmy=�;m2y=�+ p;my(E + p)=�} (5b)

We state the equations here although the DDM approach applies equally also to other �ux
de�nitions, since the formulation of the MILES and DSM approaches depends on the �ux
de�nitions.

2.1. Direct deconvolution model—DDM

For the primary-�lter operation we choose as kernel the Gau� function. In real space the
one-dimensional �lter kernel is de�ned as

G(x − x′)=2
√
2
�
1
�
e−8

(x−x′)2
�2 (6)

where � is the �lter width. The two-dimensional �lter kernels are generated from the one-
dimensional �lter kernel according to Equation (3). The Fourier transform of Equation (6) is
given by

Ĝ(�)=e
−
(
��
4
√
2

)2
(7)

Given constant grid spacings hx and hy in x- and y-directions respectively, in the following
set the primary-�lter width �=4h with h=(hx + hy)=2. As �lter-cuto� wavenumber of the
primary �lter we set �C=�N =2=�=(2h) for which Ĝ(�C)=0:3.
We require the discrete representations of the �lter (Equation (6)) to resemble closely

the transfer function (Equation (7)) of the analytic �lter kernel. Unlike the continuous �lter
kernel itself, its discrete representation is band-limited to |�|6�N . The transfer functions of a
discretization of Equation (3) by standard quadrature formulas (trapezoidal rule or Simpson’s
rule, e.g.) usually exhibit a considerable error, in particular at wavenumbers close to �N . A
convenient way for a more accurate numerical representation is to use a Pad�e �lter [12; 15].
We de�ne a �lter to be of order m if the �rst non-vanishing derivative of its transfer function
(its Fourier transform) is of order m at �=0. Let f be an (N+1) vector containing the values
of the grid function fi=f(xi) obtained by sampling a continuous function f(x) at a set of
equally spaced nodes xj=x0+jh, 06j6N . Let �f denote the vector of �ltered values obtained
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Figure 1. (a) Primary-�lter kernel transfer function (Equation (6)) with �=4h, h=1 - - - -, discrete
primary �lter (Equation (8)) with �=−0:2 —-; (b) secondary-�lter kernel transfer function.

by applying the discrete �lter G to f , in matrix-vector notation �f=Gf . Here, we consider the
special case in which G=M−1

l Mr , and Ml, Mr are tridiagonal matrices. A one-parameter
family of �lters with m=2 is given by

� �fj−1 + �fj + � �fj+1=afj +
b
2
(fj−1 + fj+1) (8)

where a=(1=2 + �) and b=a. For a �nite domain various treatments are possible at the
boundary points j=0 and j=N . We will in general impose no �ltering at domain-boundary
points. The kernel of a Gau� �lter (Equation (6)) with �lter width �=4h is well approximated
in Fourier space if one chooses �=−0:2, Figure 1(a).
By a relation given by Pruett and Adams [15] the parameter � of Equation (8) can be linked

to �C2 . If the discrete-�lter parameter is chosen as �=0:49 we obtain a secondary �lter G2
with �C2 =0:958� for Ĝ2(�C2)=0:3. The transfer function of the secondary one-dimensional
�lter kernel is shown in Figure 1(b). In the following we will call GN and G2N the discrete
approximations of the corresponding continuous �lters G and G2, respectively.
Subgrid-scale modelling consists in two parts: (i) approximation of the error term G in

Equation (2) involving the represented scales |�|6�N , and (ii) construction of an appropriate
regularization R in Equation (2) which models the e�ect of interaction between the non-
represented scales |�|¿�N and the resolved scales |�|6�C . This split can be cast into two
contributions, G�G1 + R. The �rst term G1 can be computed exactly if the �lter operation
with the kernel GN is invertible on the restriction of its domain to all bandlimited functions
uN (x) with wavenumbers |�|6�N or grid functions with grid spacing h=�=�N . Following this
idea the direct-deconvolution method (DDM) for shock-capturing was developed by Adams
and Stolz [2].
Since ĜN (�) has compact support it is not invertible in general. If we, however, restrict the

domain of �uN=GN ∗uN to bandlimited functions or grid functions with wavenumbers |�|6�N ,
then an inverse exists, provided ĜN (�)¿0 on |�|6�N . The transfer function of the primary
�lter kernel vanishes at |�|=�N and a regularized inverse can be constructed on unbounded
domains by a singular-value decomposition where the vanishing eigenvalue is removed. The
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approximate inverse is de�ned in Fourier dual space as

Q̂N=

{
Ĝ−1
N (�); |�|¡�N
0; |�|=�N

(9)

On bounded non-periodic domains an inverse of the discrete �lter GN exists if no �ltering is
imposed at the boundaries. In this case the spectrum of GN is bounded away from zero on
the positive real axis. For symmetric �lters the eigenvalues of G are real.
Given a regularized inverse of the �ltering operation, the term G1 can be approximated

by replacing the un�ltered quantities in F(uN ) with ũN=QN ∗ �uN and solving the following
evolution equation for �uN :

@ �uN
@t

+GN ∗ @Fx(ũN )
@x

+GN ∗ @Fy(ũN )
@y

=0 (10)

If the inversion is exact QN ∗GN=I we can write Equation (10) also as

GN ∗
(
@uN
@t

+
@Fx(uN )
@x

+
@Fy(uN )
@y

)
=0 (11)

A solution uN of this equation without proper regularization fails to satisfy the entropy con-
dition for admissible weak solutions [23]. In order to introduce numerical-entropy dissipation
Equation (10) requires regularization. We construct a regularization based on a relaxation
term which employs a secondary �lter operation

R=−�( �uN −G2N ∗ �uN ) (12)

where �¿0 is the inverse of some relaxation-time parameter and G2N is a secondary �lter
of deconvolution type Equation (3), to the right-hand side of Equation (10). The advantage
of relaxation regularizations is that they leave the type of the underlying di�erential equation
unchanged since they constitute a lower order perturbation and do not a�ect its well-posedness
[7]. Adams and Stolz [2] have demonstrated that � can be estimated by an expression

�=C0 +
C1
h

(13)

where C0 and C1 are constants determined by the initial condition.

2.2. Monotonically integrated LES—MILES

The acronym MILES, for monotonically integrated LES, commonly describes the situation
if instead of employing an explicit subgrid-scale model the e�ect of the interaction of non-
represented with resolved scales is modelled by the implicit regularization originating from
the non-linearly stable numerical discretization. This involves usually monotonicity-preserving
schemes, total-variation diminishing schemes, or the less restrictive essentially non-oscillatory
schemes (ENO). In the terminology of Section 2.1 this amounts to G1=0 and R being replaced
by the implicit regularization provided by the numerical discretization.
We follow Shu and Osher [19] with minor di�erences only in the implementation. Referring

to Figure 2, the numerical �ux vector at the cell centres f̂j+1=2 is calculated in the following
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Figure 2. Grid function and �uxes for ENO scheme.

manner. De�ne

�(j; k)=
k∑
�=0

j+k∏
�=j
� �=j+�

(1− �); k=0; : : : ; r − 1; j=−r; : : : ; 1 (14)

The numerical �uxes at the cell centre j + 1=2 are then obtained by

f̂j+ 1
2
=

r∑
m=0
�(i(m) − j; m) �Aj+ 1

2
�i;m[ �A−1

j+ 1
2
f] (15)

where �Aj+1=2 stands for the Roe matrix at j + 1=2 [17]. With r we denote the order of the
ENO scheme, which has accordingly r+1 levels. For the de�nition of the operator �i;m and
the �ux vector f we have to distinguish two cases depending on 	, the diagonal transform
of @F=@u:
(a) For cell j + 1

2 , if 	j¡0¡	j+1 then a Roe �ux formulation may violate an entropy
condition. In this case a local Lax–Friedrichs �ux formulation is used and we de�ne

f±=
1
2

(
F ±max

j; j+1
|	|u

)
(16)

and recursively

�±
i(m) ; m=




f±[i(m−1); m]; i(m)= i(m−1) − 1
if |f±[i(m−1); m]|6|f±[i(m−1) + 1; m]|

f±[i(m−1)+1; m]; i(m)= i(m−1)

if |f±[i(m−1); m]|¿|f±[i(m−1) + 1; m]|

(17)

for m=0; : : : ; r and i(0)=j for �+ and i(0)=j + 1 for �−. And �nally it is

�i;m=�+
i(m) ; m +�

−
i(m) ; m (18)

(b) In case the former condition does not hold the less dissipative Roe �ux formulation is
used and we de�ne

f=F (19)
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and recursively

�i(m) ; m=



f[i(m−1); m]; i(m)= i(m−1) − 1

if |f[i(m−1); m]|6|f[i(m−1) + 1; m]|
f[i(m−1)+1; m]; i(m)= i(m−1)

if |f[i(m−1); m]|¿|f[i(m−1) + 1; m]|
(20)

for m=0; : : : ; r and i(0)=j, if �	j+1=2¿0 and i(0)=j + 1 if �	j+1=2¡0.
The �ux derivatives at the cell faces are reconstructed by

(@xf̂)j=
1
h

(
f̂j+ 1

2
− f̂j− 1

2

)
(21)

In Section 3 we will employ the 3rd order form of this ENO scheme. For two space dimen-
sions, the �ux in each coordinate direction is treated by the one-dimensional ENO procedure.

2.3. Dynamic Smagorinsky model—DSM

In terms of the �ltered conservative variables �u={ ��; �mx; �my; �E} the continuity equation does
not contain non-linearities and remains unchanged

@t ��+ @x �mx + @y �my=0 (22a)

The momentum equations contain explicitly modelled subgrid-scale stress contributions

xx; 
xy; 
yy

@t �mx + @x

(
�m2x
��
+P

)
+ @y

�mx �my
��
=@x
xx + @y
xy (22b)

@t �my + @x
�mx �my
��
+ @y

(
�m2y
��
+P

)
=@x
xy + @y
yy (22c)

The energy equation is modelled as

@t �E + @x

(
�mx
��
( �E +P)

)
+ @y

(
�my
��
( �E +P)

)

=
�mx
��
(@x
xx + @y
xy) +

�my
��
(@x
xy + @y
yy) + @xQx + @yQy

(22d)

For the resolved pressure we use the abbreviation

P=
(
�E − 1

2 ��
( �m2x + �m2y)

)
(�− 1) (23)

The subgrid-scale stresses are modelled according to Moin et al. [14], Vreman [25], as


ij= ��Cd�2‖S‖Sij (24)

where ij is a placeholder for the combinations of x and y, Sij is the trace-free strain tensor

Sij=@i
�mj
��
+ @j

�mi
��
− �ij@k �mk�� (25)
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and ‖S‖ is the matrix-norm of Sij

‖S‖=
√
S2xx=2 + S2xy + S2yy=2 (26)

The isotropic part of the subgrid-scale stress tensor is neglected. Solutions for the problem in
Section 3 incorporating this term did not show improved results. For the dynamic estimation
of the Smagorinsky parameter Cd we need the Leonard-stress tensor

Lij=
�̂mi �̂mj
�̂�

−
[( �mi �mj
��

)
(27)

and the test-�ltered subgrid-scale stresses, where the test-�lter width is twice the primary-�lter
width

Tij= �̂�4�2‖Ŝ‖Ŝij −�2 [( ��‖S‖Sij) (28)

Ŝij is Sij evaluated with the test-�ltered solution. The Smagorinsky parameter is determined
from the contraction

Cd=
TijLij
TijTij

(29)

where summation is performed over repeated place holders. For the computational results in
Section 3 we have restricted (clipped) the values of the Smagorinsky parameter to remain
in the range Cd∈[0:05; 0:2], otherwise the computation was unstable.
The subgrid-scale heat �ux Q is modelled as

Q=@x
��Cd�2‖S‖

(�− 1)PrtM 2 @xT+ @y
��Cd�2‖S‖

(�− 1)PrtM 2 @yT (30)

T=�M 2P= ��, where we assume for simplicity a constant turbulent Prandtl number Prt=1.
Since for stable integration, the spatial discretization needs to provide additional regularization
[3], we use the 3rd order ENO scheme of Section 2.2.

3. SHOCK–WAVE INTERACTION WITH SOLENOIDAL VELOCITY
FLUCTUATIONS

We apply the procedures outlined in Section 2 to a generic two-dimensional test problem
for shock–turbulence interaction, as suggested by Shu and Osher [19]. A correct computation
of wave ampli�cation across a shock is a requirement for any subgrid-scale model to be
applicable for shock–turbulence interaction. Also, since a shock is a subgrid scale, a su�ciently
general subgrid-scale model should provide a proper �ltered shock solution. We solve the
two-dimensional Euler equations (Equation (1)) with the �uxes (Equation (5)) on the domain
(t; x; y)∈[0;∞)× [−1:5; 1:5]× [−1; 1]. The initial conditions constitute a M=8 shock moving
into an oblique divergence-free vorticity-�uctuation �eld. From shock relations (e.g. Thompson
[24]) the shock propagation velocity is

�u=MCs1
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where Cs is the speed of sound (we denote with ‘1’ the pre-shock state and with ‘2’ the
post-shock state). The initial pre-shock state (x¿1) is

u(x; y) :=−Cs1 sin 
 cos(xk cos 
+ yk sin 
)
v(x; y) :=Cs1 cos 
 cos(xk cos 
+ yk sin 
)

�(x; y) := 1

p(x; y) := 1

with the parameters 
=�=6, k=2�, while the corresponding initial post-shock state (x¡1) is

u(x; y) :=
2 + (� − 1)M 2

(�+ 1)M 2 u1

v(x; y) := 0

�(x; y) :=
(�+ 1)M 2

2 + (� − 1)M 2 �1

p(x; y)=p2 :=
(
1 +

2�
�+ 1

(M 2 − 1)
)

Thus Cs1=
√
�, where � has been set to 1:4.

Boundary conditions are imposed in terms of Riemann variables, which are prescribed along
characteristics pointing into the computational domain in terms of the Riemann variables along
outward pointing characteristics. In all cases CFL=0:5 is used and the time step is estimated
by


=CFL
[
max
D

(
u
hx
;
u− Cs
hx

;
u+ Cs
hx

)
+max

D

(
v
hy
;
v− Cs
hy

;
v+ Cs
hy

)
+ �
]−1

where for DDM � is used according to Equation (13), for the other cases �=0.
For computations with DDM we have chosen �=1=2+60=h, which was found to be suitable

for the Euler equations in one-dimensional tests for the isothermal ‘slow-shock problem’ and
for the shock-interaction with an entropy �uctuation [2]. Another set of computations was
performed with �=1+120=h to con�rm the weak dependence of the results on the relaxation
parameter �. For time integration the 3rd order TVD Runge–Kutta scheme of Shu [18] was
used. We also have tested the low-storage Runge–Kutta scheme of Wiliamsson [26] and found
no change of the results.
We compare �ltered and resolved pressure distributions for Nx=60 and Ny=40 and

Nx=120, Ny=80, respectively, obtained with the di�erent approaches of Section 2, shown in
Figures 3, 4 and 5, 6, with a well resolved ENO computation with Nx=480, Ny=240 points
in Figure 11. We note that the DDM approach gives a good resolution of the pressure distur-
bance passing through the shock. The DSM approach shows the shock representation being
a�ected by the model, also the passage of the disturbance through the shock is less accu-
rately predicted than with the other models. Similar observations can be made for the vorticity
distribution !=@yu− @xv shown in Figures 7, 8 and 9, 10.
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Figure 3. Pressure p, Nx=60, Ny=40; 29 contours 16p680.
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(a) DDM, χ = 1/2 + 60 /h (b) DDM, χ = 1 + 120 /h

Figure 4. Pressure p, Nx=60, Ny=40; 29 contours 16p680.

Setting the relaxation parameter of DDM to a twice larger value has only a weak e�ect on
the results, Figures 3 and 6. A closer look at the post-shock density disturbances which are
generated by the solenoidal wave due to its interaction with the shock in Figure 12 shows
that the deconvolution approach exhibits the best wave resolution, although the primary-�ltered
shock representation is less sharp than the formally un�ltered representation in the MILES
approach. It should be noted that for MILES and DSM it is di�cult to de�ne a proper �ltered
reference solution since the implicitly assumed grid �lter is a result of the spatial discretization.
Formally, DSM should return a �ltered solution, where for the �ltering the primary �lter of
the DDM method is used (as test �lter the same with twice the �lter width). We note that
the shock is represented similarly sharp as with MILES (the shock resolution may however
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Figure 5. Pressure p, Nx=120, Ny=80; 29 contours 16p680.
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Figure 6. Pressure p, Nx=120, Ny=80; 29 contours 16p680.

be a�ected by the clipping of the dynamic Smagorinsky parameter) but that the amplitude
of the generated density wave is underpredicted. We also �nd that the DSM approach with
ENO as the underlying discretization requires more than twice as much CPU time as the
DDM approach, where the DDM approach could be made more e�cient by integrating the
sti� linear relaxation term implicitly. DSM with a central scheme is unstable.

4. CONCLUSIONS

The explicit use of �ltering and de-�ltering has considerably improved the prediction capa-
bilities of subgrid-scale modelling in LES [1]. For shock-capturing, �ltering is mostly based
on non-linear approaches [11; 27], where regularization is achieved by limiters or ENO-type
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Figure 7. Vorticity !, Nx=60, Ny=40; 15 contours −136!613, —— !¿0, - - - - !¡0.
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Figure 8. Vorticity !, Nx=60, Ny=40; 15 contours −136!613, —— !¿0, - - - - !¡0.

stencil switching. The spectral viscosity method of Tadmor [23] allows for an accurate repre-
sentation of discontinuous solutions with a linear algorithm, involving, however, a dual-space
representation of the solution. We have presented a recently proposed deconvolution approach
with a real-space regularization [2] resembling a spectral-viscosity, and we have applied this
approach to a generic test case for shock–turbulence interaction. The results for the decon-
volution method are in good agreement with �ltered shock solutions and provide a better
small-scale resolution than the other models.
Formally, in LES �ltered equations are solved, such that the shock which is a non-turbulent

subgrid scale should be represented as �ltered shock. Since traditional subgrid-scale models are
not suited for capturing shocks they are often supplemented with shock-capturing methods for
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Figure 9. Vorticity !, Nx=120, Ny=80; 15 contours −246!624, —— !¿0, - - - - !¡0.
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Figure 10. Vorticity !, Nx=120, Ny=80; 15 contours −246!624, —— !¿0, - - - - !¡0.

stable integration, see Section 2.3. This procedure may result in a sharper shock representation
than that corresponding to the assumed grid �lter, thus being formally inconsistent with the
LES equations. In applications of LES for shock–turbulence interaction one should expect a
shock width corresponding to the �ltered exact shock solution at best.
Since the deconvolution approach shares a considerable degree of commonality with recent

deconvolution models for subgrid-scale modelling for LES [20–22] we expect that it will
prove useful for the LES of shock–turbulence interaction. We believe that the signi�cance
of numerical-entropy regularizations for subgrid-scale modelling requires further investigation.
The results quoted by Jim�enez and Moser [10], Jim�enez [9] seem to indicate that the restric-
tion of the solution domain by the primary �lter may result in a loss of uniqueness of the
subgrid-scale model. It can also be suspected that solutions with energy equipartition which
are commonly observed for spectral discretizations of the three-dimensional Euler equations
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Figure 11. ENO, Nx=480, Ny=240.
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Figure 12. Density at y=0, · · · · · · · MILES, - - - - DDM with �=1=2 + 60=h, – · – DDM with
�=1 + 120=h, — ·· —- DSM, —— high-resolution ENO.

correspond to improper weak solutions of non-regularized numerical discretizations of conser-
vation laws and thus are mere artifacts of the discrete system.
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